THE EXCHANGE PROPERTY AND DIRECT SUMS OF INDECOMPOSABLE INJECTIVE MODULES
This paper contains two main results. The first gives a necessary and sufficient condition for a direct sum of indecomposable injective modules to have the exchange property. It is seen that the class of these modules satisfying the condition is a new one of modules having the exchange property. The second gives a necessary and sufficient condition on a ring for all direct sums of indecomposable injective modules to have the exchange property.
Throughout this paper R will be an associative ring with identity and all modules will be right i?-modules.
A module M has the exchange property [5] if for any module A and any two direct sum decompositions iel with M f ~ M, there exist submodules A\ £ A t such that
The module M has the finite exchange property if this holds whenever the index set I is finite. As examples of modules which have the exchange property, we know quasi-injective modules and modules whose endomorphism rings are local (see [16] , [7] , [15] and for the other ones [5] ). It is well known that a finite direct sum M = φj =1 M t has the exchange property if and only if each of the modules Λf t has the same property ( [5, Lemma 3.10] ). In general, however, an infinite direct sum M = ® i&I Mi has not the exchange property even if each of Λf/s has the same property. On the other hand, Fuller [8] has recently proved that every module over a generalized uniserial ring has the exchange property (c.f., see [9, Theorem 9 and corollary to Lemma 12] ). Therefore, two interesting questions arise: (1) When does the infinite direct sumΛf = ® iQI M t of modules M t (ίel) with the exchange property have the same property? (2) What ring R has the property that every module M has the exchange property?
In this paper we consider these two problems for the class of modules M which are direct sums of indecomposable injectives and 302 KUNIO YAMAGATA completely make answers to them for such a class of modules. In §1 we show a sufficient condition for a direct sum of modules with local endomorphism rings to have the finite exchange property. In §2 we prove the following results (Γ) and (2' ).
(Γ) A module M which is a direct sum of indecomposable injective modules has the exchange property if and only if it has the finite exchange property, and moreover any of these assertions is equivalent to that the Jacobson radical of the endomorphism ring End R (M) of M is {/ e End*. (M) | Ker / is essential in M).
(2') A ring R satisfies the ascending chain condition for (meet-) irreducible right ideals if and only if every direct sum of indecomposable injective modules has the exchange property.
It is not known whether the exchange and finite exchange properties coincide, so the first equivalence in (Γ) is meaningful. Since any direct summand of a module with the exchange property has also the same property as mentioned above, the second equivalence in (1') trivially includes [2, Corollaire 5] concerning a problem on an indecomposable decomposition of a direct summand of the module which is a direct sum of indecomposable injectives (this is a problem of Matlis). (2') is a strengthening of [19, Theorem 1] and, as seen in it, such a ring in (2') has interesting properties concerning the Krull-Remak-Schmidt-Azumaya's theorem and a problem of Matlis. If a module M is quasi-injective, all properties in (1') are also valid for M, but conversely neither of them implies the quasi-injectivity of M. In § 3 we show this fact with an example which means that the class of all modules with the exchange property which are direct sums of indecomposable injectives is a new one of modules with the same property. In §4 we generalize the results of Chamard [3, Theoreme 3] and Yamagata [17, Theorem 4] which are obtained from the point of view of a problem of Matlis.
The author wishes to express hearty thanks to Prof. Tachikawa for his advices.
1* A semi-T-nilpotent system* We will recall some definitions and elementary results from [9] and [10] . A family {ΛfJ <ez , with an infinite index set I, which consists of modules M t whose endomorphism rings are local is called (resp. semi-) T-nilpotent system if for any family of nonisomorphisms {f in : M in -• M tn+ι \n}>l} (resp. i n Φ i w for n Φ n') and any element x h e M h , there is an integer m depending on x h such that f im f ίm _ 1 f tl (xtj = 0. If S^f is the full subcategory of the category of all right modules whose objects are isomorphic to direct sums of Λf/s, then it is said to be the induced category from {ΛfJίei and we denote by J? the class of all morphisms / in J^ such that for two objects X = φ jeJ X 5 and Y = ® k eκ Y k of J^ with f:X-* Y and indecomposable modules X d and Y k , each π k fκ d is a nonisomorphism where κ d is the canonical injection of X d to X and π k the projection of Y to Y*. In [9] we then know the quotient category S^ = S^l^ is Cg-completely reducible abelian.
For a morphism /: M-* N and a submodule M o of ikf, /| ikf 0 : Λf 0 -> N denotes the restriction of / to M o . We denote by End β (M) an endomorphism ring of a right module M R over a ring iϋ. Now we write the proposition, without proof, which will play an important role in our proofs. PROPOSITION 1.1 ([12] , [13] ). Let {M τ ) ιeI be an infinite family of modules with local endomorphism rings and M -@ %eI M z . Then the following conditions are equivalent.
(
In this case, each direct summand of M is also a direct sum of indecomposable modules which are isomorphic to some M t . Proof. The first assertion is clear. For the rest let p(N) be a direct summand of M, M = ρ(N) 0 M f and p a monomorphism on N. By the modular law, we then have with a projection π of M x to ρ(N) where N 1 = M X Γ\ M f . We consider the decomposition
It is then easy to see that the projection of M to p(N) be πp and the restriction πp | N of πp to N is an isomorphism by the first part of this lemma. As a consequence, we obtain the desired decomposition
The following corollaries are essentially proved in [9] but we include proofs for completeness. In them, without proofs, we will use some properties for completely reducible objects in J^ but they are easily proved in the same way as for completely reducible modules (see [9, p. 331-332] REMARK. If J is finite, the finite direct sum Σ/e/φJV J has the exchange property by [15, Proposition 1] and [5, Lemma 3.10] and is a direct summand of M by hypothesis. Hence there exists a subset Kc: I such that M = Σiβ^ θ N 3 0 Σ*ex φ M k .
Proof. We assume Jis infinite. Let Szf and ^ be as above and κ: N= Σiejφ N ό -+M an inclusion map. For a morphism / in Stf we denote by / the induced morphism of / in the quotient category Szf -Szfj^.
Since N^ φ φ N jn is a direct summand for any finite subset {j l9 •••, j n } of J by assumption, the restriction of Λ: to Nj t φ 0 N Jn is then an injection in Jzf. This will imply that R is an injection in J^C To show this we suppose that the kernel K = Ker ic is not zero. Then there is a finite subset {j l9 , j n } c J such that K Π (•WJΊ Φ φ Nj n ) Φ 0, because Szf is a C 3 -abelian category and N = ΦiejNj in S^ ( [9, Theorem 7] ). Hence ^(fΠΣLiθ^)^0 t he fact that ti \ Σ2 =1 0 N jk is injective in J^< a contradiction.
Then, since the category j>f is C 3 -completely reducible abelian, the morphism R\ N-+ M splits and by the note just before this corollary there is a subset Kc: I such that
Let the projection of M to Σiez-*φΛf< be p. Then in (3) the projection of M to Σiei-K M t is clearly p and so p o R is a bijection of N onto Σιe/-x Θ Mi in view of (2) and (3). This means that there is a morphism φ of Σiei-* Θ M % to AT such that φ o p o £ = \-and p o iξ o φ l Σίe//ί@ i r Hence we obtain that 0 © (p © /c) -1 and (p © /c) © φ -1 belong to Jf(Ena R (N)) = ^ Π End,, (iSΓ) and ^(End β (Σ ι e/-^θ^)) = Π End Λ (Σΐez-x θ Aί*) respectively. We will show that jθ © K is an N) ) is the Jacobson radical by Proposition 1.1. The morphism p © /r is hence a monomorphism.
Secondly, to show that p © /r is an epimorphism it suffices to show that the family {M % ) ieI _ κ is a semi-T-nilpotent system by the same reason in the first part. Now since N= ΣJCJ © Nj is isomorphic to Σίei-κ® M ιf there is a bijection σ:J-+I-K such that Nj ~ M σ{j) for every j e J because S-/ is a completely reducible C 3 -abelian category (see the note before this corollary). It is therefore easy to see that Nj is isomorphic to M a{3) for every j e J on account of the facts that ^ Π End^ (Nj) and J? Π End Λ (M σ(J) ) are the Jacobson radicals of End Λ (iSΓ,-) and End^ (M σ{j) ) respectively. Hence the assumption that {Nj} j€ j is a semi-T-nilpotent system implies that the family {ikf,} ?c/ _î s also semi-T-nilpotent, as desired. Assume the family {M t } ιeI is a semi-T-nilpotent system and let {NJt,^ be a family of direct summands of M such that N n g N n+1 for all integers n^l.
Then the union \J n^Nn of the family {N n } nZί is also a direct summand of M.
Proof. Since, according to Proposition 1.1, the union U^i N n is also a direct sum of indecomposable modules with local endomorphism rings, it is an immediate consequence of Corollary 1.3.
For two modules M = (& ίeI M t and N = φ ie j N 5 we can represent every homomorphism / of M to N as a column summable matrix (fj t ), that is, for the injections Λ:, of M ύ to M and projections π ά of N to Nj (i el, j e J), f 5ι = πjftz % \ Mi -> N, and, for any xe M and i e I fji(Pι(%)) = 0 for almost all j eJ where p t is the projection of M onto M v . Hence, in this case we may denote that f(x) = Σi π jf( χ ) = ) for any xeM and f % = Σtjejfu (^e [9] , p. 332).
A submodule N of M is essential in Λf (JNΓS'Λf) if Nf] L Φ 0 for all nonzero submodules L oί M and ikf is uniform if every nonzero submodule is essential in M. In the following we will denote the kernel of a morphism / by Kerf. LEMMA 
Conversely, we assume that Ker/g'ilf. Clearly this implies that Ker/n M, S' Λf, by the uniformity of M t (iel).
On the other hand, since f t (x t ) = Σijejfh^i) an d f^x^eM, for every ^eikί,, that /.(xj = o implies that / J t (ίc ι ) = 0 for all j el. Therefore, Ker/, , Φ 0 for all i 9 j e I, because Ker/^ = Ker/Π Mi Φ 0. As a consequence, Ker/j: g'Af, for i, jel. LEMMA 1.6 ([9] , [10] ). Let {Mi) iel be a family of a semi-Tnilpotent system of modules with local endomorphism rings and M -@ιei M % . Then S/J is a regular ring in the sense of von Neumann and an idempotent of S/J can be lifted to S, where S is an endomorphism ring of M and J its Jacobson radical.
This follows from Proposition 1.1, [9, Theorem 7] and [10, Theorem 3] . PROPOSITION 1.7 . Let {M % } ιeI be a family of a semi-T-nilpotent system of modules with local endomorphism rings. Then Mφ ιe iMi has the finite exchange property.
Proof.
Let S = End^ (M) and J the Jacobson radical of S. Then SfJ is a regular ring and every idempotent is lifted to S by Lemma 1.6. Hence, for every element seS there exists an idempotent eeS such that sS + J = eS + J. This shows that S has the exchange property as a S-module and so M R has the finite exchange property by [17, Theorems 3 and 4] .
2* The exchange property• In this section we prove our main theorems being concerned with modules which are direct sums of indecomposable injectives.
First we will continue to consider a general case of modules with local endomorphism rings instead of indecomposable injectives. LEMMA 2.1. Let M, N, and A, (iel) Proof. First we remark that, since each M 3 (j e J) has a local endomorphism ring, it has the exchange property by [15, Proposition 1] , so that any finite direct sum of ikf/s has also the exchange property ( [5, Lemma 3.10] ). Now by hypothesis there exists a finite subset J Q of J such that Σiej 0 0 M 3 Π ΣuieF θ A t Φ 0. Hence applying the exchange property of Σiej o ©Λfi to the given decomposition A = Σ ι ez0A i , we have decompositions such that
Here there exists at least one element i Q of F such that B iQ Φ 0. For, if the contrary were true, ^£^0^ = 0 and hence Σte^θ A x = Σ*e^ θ Cf Sθ Σie^0 © Mj Π Σ.e^ © C % = Σie7 0 θ M S Π ΣieF φ Ai Φ 0 by the definition of J Q , which contradicts the decomposition (2) . Now it is clear that M f = Σiej o θ^ is isomorphic to Σi via the restriction π \ M f of π to M', where π is the projection of A onto Σίe/Θ-B* in the formula (1) . It follows that (3) π(M')= Σ 7r(Mj) = B i0 e Σ Θ *, .
Since each π(Mj) for j e J o is isomorphic to M 5 , it has a local endomorphism ring. We can thus apply the Krull-Remak-Schmidt-Azumaya's theorem [1, Theorem 1] to this module π(M') and the projection ξ of π{M f ) onto B iQ in the formula (3). As a consequence, there exists an element j Q e J o such that the restriction ξ | π(M JQ ) is a monomorphism and ξπ(Mj 0 ) is a direct summand of π(M') and hence of B iQ . On the other hand, a simple computation shows that the projection of A to B io in the decomposition (1) From now on we will consider indecomposable injectives. LEMMA 
Every indecomposable injective module is uniform and has a local endomorphism ring.
This is well known (c.f., see [6, §5 Proposition 8] ).
Assume M x and M 2 are indecomposable injectives and / a morphism of M ι to M 2 . If / is a nonmonomorphism, then its kernel Ker/is essential in M t by Lemma 2.2 and the converse is, of course, true. This shows that / is a nonisomorphism if and only if Ker/ is essential in M t . Under this observation we have We need more lemmas for the main theorems. LEMMA 
A module M has the exchange property if for any modules A t (i e I) which are isomorphic to submodules of M and any decomposition
This is well known in [5, Theorem 8.2] and its proof will be omitted. 
indecomposable injective submodules of G and a semi-T-nilpotent system. Then if a module A is isomorphic to a submodule of M and contains an injective submodule f there exists a maximal submodule A o of A with the property that A o is a direct sum of indecomposable injective submodules. In this case such a module A o is a direct summand of A.
Proof. Let the monomorphism of A to M be / and E an injective submodule of A. Then by [1, Theorem 1] and Lemma 2.2, f(E) contains an indecomposable injective submodule isomorphic to some M z in view of that f{E) is a direct summand of M. This implies that A contains a submodule isomorphic to some M t . Now then we can take a family {AJ^ of submodules of A such that each A n is a direct sum of indecomposable injectives and A n £ A n+1 for any n^l. Then, by JSbrn's lemma, we will be done if we can show that the union A o = {J n A n is also a direct sum of indecomposable injectives and, furthermore, a direct summand of A.
Since / is a monomorphism, the image f(A n ) of A n by / is also a direct sum of indecomposable injectives and hence f(A n ) is a direct It is clear that the exchange property implies the finite exchange property, but it is not known whether the converse is true in general. However, in our case that modules are direct sums of indecomposable injectives we can conclude this question affirmatively. Proof. Let Λf = Σ<βz0Λfi> where every submodule M t is indecomposable injective. If the index set I is finite, then ikf is clearly injective, so all of the above assertions (i), (ii), and (iii) are true. It therefore suffices to show the theorem for only the case with the infinite index set /. Now let / he an infinite index set. By Proposition 2.3 the assertion (iii) is then equivalent to (iii') The family {ikfJ ίeJ is a semi-T-nilpotent system. Thus we will consider (iii') instead of (iii) in the following. The implication (i) => (ii) is trivial.
(ii) ==> (iii'). The idea of the proof is due to [9, Lemma 9] . Assume that M has the finite exchange property. Take an arbitrary countable subfamily of {M^i GI9 say {M n } n^lf and nonisomorphisms f n :M n -*M n+ί (n ^> 1). For every xeM 1 we will find an integer n(x) depending on x such that / n(β >Λ (a o-i fi(x) = 0. For this put M' n = {x + f n (x) \xeM n }.
It is then clear that M' n 0 M n+1 = M n 0 M n+ί for n ^ 1. Since each M t is indecomposable injective, every nonisomorphism f n is only nonmonomorphism, i.e., Kerf n Φ 0. This implies that Mif] M n Φ 0 for every n ^ 1.
It is clear that Then, applying the fact that N has also the finite exchange property ( [5, Lemma 3.10] ) to the decomposition (2), we have that ΣΓ=i0 Mi = N®X(BY for some submodules X and Y of Σ~=i θ ^2-i and Σ«=i θ Λβ» respectively. Here, in fact, it will hold X = 0.
To show this, suppose that X^ 0 contrary. Then by Lemma 2.1 there exists M 2m -X such that
This however contradicts that 0 Φ M 2m^ Π ML-i S Λ^m-i Π -ZV. Thus it holds Now we take an arbitrary nonzero element x e M 1 and we let x = y + z with y e N and zeΓ, Considering these 7/ and z in the decompositions JV = Σ*=i 0 ML-i and Σn=i 0 Λίίn respectively, we have 2/ = Σ fe-i + / 2ΐ -ife-i)) and s « = Σ fe + / 2i (a; 2i )) , ί = l and substituting these expressions for y and «, we have # = Σ fez-l + f2i-l(X2i-l)) + Σ fez + / 2 t(&2i)) i i Therefore, α = a? lf f^x,) + a? ΐ+1 -0 (1 ^ i ^ 2s -1) and f 2s (x zs ) = 0, that is, x, = x, x 2 = -/ x (x), , α? 28 =/ 2 ,(a? 2β _ 1 ) and / 2β _,(a? 2β ) = 0. By successive substitutions, we obtain a? 2β = (--l) 2β " 1 / 2β _i /i(sc) and, finally, / 2s / 2s -i = 0 Thus we can put w(a?) = 2s, which completes the proof of 312 KUNIO YAMAGATA (iii')=*(i). We assume the family {M t } iBΣ is a semi-T-nilpotent system. Suppose A = Σ e j © -Ay = -M 7 θ AT, where M r ~ M and each Ay is isomorphic to a submodule of M'. Then, taking account of Lemma 2.4, we will be done if we can find submodules A] of Ay (j e J) such that A = W 0 Σ ej θ A' s .
For this, we will first refine the given decomposition A = Σie/0 Ay. We should note that M r is also a direct sum of indecomposable injective submodules M-(ieI). By Lemma 2.1 there exists at least one element j 0 e J such that A JQ has a nonzero submodule isomorphic to some Λf/. Let the subset of J of such elements j Q eJ be Jo-By Lemma 2.5 there exist maximal submodules B 3 of Ay (j" e J o ) such that each . By is a direct sum of indecomposable injective submodules of A 3 , in which case every B 3 is a direct summand of A 3 , say Ay = -By 0 Cj for a submodule C 3 c Ay for i e J o . Consequently, we have such a refinement of A = Σie/φ Ay that
where J -J Q is the complement of J o in J and if J -J Q is empty, we put Ay in the formula (1) to be zero submodule of A for convenience. Next we will have that This implies there exists an injective submodule C' JQ of C 3o which is isomorphic to Λf/ 0 . However, in this case we have that B 3o 0 C o is a direct summand of A 3o and a direct sum of indecomposable injective submodules, which contradicts the maximality of B 3Q . Now we can exchange the complement N of M f for a direct sum of submodules of A 3 (jeJ) .
For this let the projection of A onto Σjjej Q ®B 3 in (1) be p. The family {Ml} ieI is semi-Γ-nilpotent by hypothesis, and so is {p(M[)} ιeI because the restriction p | M f of p to M f is a monomorphism by (2) and Lemma 1.2. Using Corollary 1.3 the image ρ{M') therefore is a direct summand of Σ;e/ o 0#y and there is a subset ifcJ 0 such that Σ;e^o0 B 3 = p(M') (BΣikeκ(B B k and, consequently we have A =/θ(M')ΘΣ*β*Θ-B*ΘΣyβ/ 0 θ C y © Σie J-J 0 Θ A,. Computing the projection of A to ρ(M') and by Lemma 1.2, we therefore have a decomposition
which completes the proof of the implication (iii') => (i). Thus we conclude the theorem.
The original definition of the exchange property given in the introduction is due to Crawly and Jόnsson [5] . However, we will consider the following weaker exchange property, too ( [10] ). (ii) Any direct sum of indecomposable injective modules has the exchange property.
(iii) Any direct sum of indecomposable injective modules has the finite exchange property.
(iv) Any direct summand of the module M which is a direct sum of indecomposable injective modules has the exchange property in M.
(v) For any direct sum M of indecomposable injective modules, the Jacobson radical of the endomorphism ring Έnά B (M) is {feEnά R (M)\Kerf^'M}.
Proof. The equivalences (ii) <=> (iii) <=> (v) are trivial from Theorem 2.6, and (ii) => (iv) follows from [5, Lemma 3.10] . The implication (iv) => (i) is contained in [19, Theorem 1] .
(i)=>(ii): Let M= ^i eI φ M ίf where M t is indecomposable injective for any i e I. If / is finite, then M is clearly injective, so it has the exchange property ([16, Lemma 2] ). If / is infinite, the family {MJ ί6 j is a semi-Γ-nilpotent system by [19, Theorem 1 and Lemma 2] . Therefore, M has the exchange property by Proposition 2.3 and Theorem 2.6.
3. Example* Here we show the existence of modules which are not quasi-injective but isomorphic to direct sums of indecomposable injectives and have the exchange property.
We first note that a quasi-injective module M over a ring R is injective by the criterion of Fuchs [7, Lemma 2] provided that M has the property that some finite direct sum of copies of M contains an element with a zero annihilator right ideal or, equivalently, contains a submodule isomorphic to the ringjβ.
The ring R regarded as a right (left) module over itself will be written R R ( R R). (ii) R is left perfect and its injective hull E( R R) is projective, Σ-(quasi-) injective.
REMARK. By the above note the "I'-quasi-injective" and iζ Σ-iτίjective" are coincident in Lemma 3.1.
Proof. We will only prove that (i) implies (ii) as the converse follows by symmetry.
Assume (i). Since R is right perfect, E(R R ) has an indecomposable direct sum decomposition, E(R R ) == ΣΓ=i 0 P*> where each P, is injective projective right module. Let R -eJZ φ φ e n R for primitive idempotents e t . Then there is an integer fc(i) such that P i = e κ{ί) R for any 1 <* i <; m. Let {Pj} s j==1 be a subclass of mutually nonisomorphic projective modules of {PJJU such that each P«(l ^ i ^ m) is isomorphic to some Pj(l <^ j <. s) (here, if need, the indecies are renumbered) and we put M= P t φ ••• 0 P 8 , then a right ideal 1 = e κ{ι) R® ••• φ e κis) R is isomorphic to M. Since M is clearly J-injective and faithful, so is then also I. Thus, by [4, Theorem 1.3] , E( R R) is projective, and R is left perfect and contains faithful, J-injective left ideal Σi=i Φ E(Si), where {SJUi is the representative class of simple left ideals which are nonisomorphic mutually and E(Si) an injective hull contained in R. As a consequence, E( R R) is J-injective because E( R R) is isomorphic to a submodule of a finite direct sum of copies of ΣLi 0 E(Si). This completes the proof. Now then, we suppose R is a (left and right) perfect ring such that E(R R ) is projective and E( R R) is not projective (for the existence of such a ring, see Miiller [14] and Colby and Rutter [4] ). Then, E(R R ) = Σ Li 0 P i9 where each P* is indecomposable injective for 1 <J i ^ m and, since the radical of every projective right module over a right perfect ring is small, any infinite family of modules each of which is isomorphic to some P t is a Γ-nilpotent system ([12, Theorem 3] [18, Theorem 4] .
We recall definitions. A submodule N of a module M is said to be closed if it has no proper essential extension in M, that is, if JVS' X for any submodule X of M, then N= X. A module M is said to be well-complemented in case any finite intersection of closed submodules of M is also closed. LEMMA 4.1. Let M be a direct sum of indecomposable injective modules M t (i e I) and N a direct summand of M. If N is well complemented, then N is also a direct sum of indecomposable injective submodules.
Proof. By [1, Theorem 1] it is clear N has a nonzero indecomposable injective submodule, so we can choose a maximal independent set {Nj} je j of indecomposable injective submodules of N. Put N o -We will show N= N o . To show this take an arbitrary nonzero element x e N. Then there exists an injective hull E(xR) of xR in N by [18, Lemma 2] and it is a finite direct sum of indecomposable injectives by [1, Theorem 1] , say E(xR) = E 1 0 0 E n . By the maximality of {Nj} jeJ , it is evident that N o f)EiΦθ for [1 ^ i S n. Then, since N is well-complemented by hypothesis, this will imply E t S N o for 1 <; i <; n and so x e E(xR) § N 09 which means N = JV 0 .
Because there exists a finite subset {j u , j m } <ϋ J such that ΣΓ=i 0 N h Π E t Φ 0 for 1 ^ i ^ n. Since Σ?«i θ ^ and E t are injective, they are closed in N and so is ΣΓ =1 0 iVy Λ Π E t by hypothesis of N for any 1 ^ i ^ ^. Then, since E t is an essential extension of ΣΓ=i 0 iV ifc Π E t by Lemma 2.2, it must be that E t = ΣϊU 0 ^ Π â nd therefore E t £ ΣΓ=i 0 N s k for any i. Consequently x e E(xR) S Σ?=i 0 -^i j fe S iV, which concludes the lemma.
Under the same assumptions as in Lemma 4.1, we remark that N has no proper essential submodule which is a direct sum of indecomposable injectives from the proof of Lemma 4.1. This is first shown by Chamard [3, Lemma 4.1] . PROPOSITION 4.2 . Let M be a direct sum of indecomposable injective modules M t {iel) and N a direct summand of M; M-iSΓ0 N f . If N is well-complemented, then N has the exchange property and N and N' are also direct sums of indecomposable injective submodules.
Proof. By Lemma 4.1, N is a direct sum of indecomposable injective submodules Nj(jeJ).
To show that N has the exchange property we will check the property (iii) in Theorem 2.6.
Let S be an endomorphism ring of N B and J its Jacobson radical. We must show that J = {/ e S\ Ker / S' N}. The inclusion Jg {f e S\ Ker / S' N} is known in [2, p. 564] . Conversely take an arbitrary element fe S with Ker / £' N. To show that fe J, it is enough to show that 1 -/ is an isomorphism.
First we will prove that 1 -/ is a monomorphism. If Ker (1 -/) Φ 0, xRΠKerfΦO for any nonzero element xeKer (1 -/) since Ker/g' N. There is hence a nonzero element y of xR with f(y) = 0 and so y = (1 -/)(τ/) which must imply y = 0, because # e Ker (1 -/), a contradiction.
Next we will prove that 1 -/ is an epimorphism. Since 1 -/ is a monomorphism, (1f) (N) is also a direct sum of indecomposable injectives. Take an arbitrary nonzero element xeN. Then xR Π Ker/^0, that is, there is a nonzero element y exRf] Ker/. We therefore have a iί Π (1f)(N) Φ 0, because 3/ = (1f)(y) exRΓ) (1 -/)(iV). This shows that (1f) (N) is essential in N, so that N= (1f)(N). Because iVhas no proper essential submodule which is a direct sum of indecomposable injectives by the remark just before this proposition.
Thus we have shown that N has the exchange property. We can then exchange N' for Σ&e^©^ f°r some subset Kal, M = NζBΣike K (BM k .
This implies that N' ~ Σikeκ θ M k , which completes the proof of the proposition.
Let M B be any nonsingular module over a ring R, that is, M Φ 0 and if xI = 0 for cc e Λf and essential right ideal / of R, then a? = 0. It is then well known that the lattice of all closed submodules of M is complete and so M is clearly well-complemented (c.f., see [6, Corollary 8, p. 61] ). Thus we can sharpen [18, Theorem 4] and [11, Proposition 4] . COROLLARY 4.3. Let M, N, and N' be as above. If N is nonsingular, then it has the exchange property and so N and N' are also direct sums of indecomposable injective submodules.
